
Design and Analysis of Algorithms 10CS43

Unit 1

1. Find GCD (60, 24) by applying Euclid's formula. Estimate the number of times
   computation is done in Euclid's method and in an algorithm based on checking 
   consecutive integers from min (m, n) down to gcd (m, n).

 June-July 2009 (04 Marks) 

 Euclid’s algorithm is based on repeated application of equality
gcd(m,n) = gcd(n, m mod n)

until the second number becomes 0, which makes the problem trivial.
 Example: 

gcd(60,24) = gcd(24,12) = gcd(12,0) = 12
Consecutive integer checking algorithm
 Step 1  :Assign the value of min{m,n} to t
 Step  2:Divide  m  by  t.   If  the  remainder  is  0,  go  to  Step  3;
            otherwise, go to Step 4
 Step  3  Divide  n  by  t.   If  the  remainder  is  0,  return  t  and  stop;
        otherwise, go to Step 4
 Step 4  Decrease t by 1 and go to Step 2
 Consecutive Integer Checking algorithm requires more number of computation.

.
2.    Write an algorithm to find the distance between two closest elements in an array 
    of  numbers.                           Dec.09/Jan.l0                                             (04 Marks)
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3.  Explain all asymptotic notations used in algorithm analysis. 
Dec 2012, June-July 2009 (06 Marks)

O-notation:
O (g(n)) is a set of all functions with a smaller or same  order of growth as that of g(n)Θ
Ex: n € O ( )  ≠ O ( )
A function t(n) is said to be in 0(g(n)), denoted t(n) € 0(g(n)), if t(n) is bounded above by some constant 
multiple of g(n) for all large n, i.e., if there exist some positive constant c and some nonnegative integer 
n0 such that  
T(n) < cg(n)    for all n > n0

Ex: 100n + 5 € 0(n2)  with n0=5
100n + 5  < 100n + n (for all n > 5) 
              = 101n 
≤ 101n2

  Big-oh notation: t(n) e 0(g(n))

        Ω- notation:

Ω (g(n)) is a set of all functions with a larger or same  order of growth as that of g(n)
Ex: n ≠ Ω ( )  € Ω ( )

A function t(n) is said to be in  Ω(g(n)), denoted t(n) €  Ω(g(n)), if t(n) is bounded below by some 
positive constant multiple of g(n) for all large n, i.e., if there exist some positive constant c and some 
nonnegative integer n0 such that:
t(n) ≥ cg(n) for al n > n0.

Θ-notation:
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Θ (g(n)) is a set of all functions with same  order of growth as that of g(n)
Ex: n^2 - 1 € Θ ( ) 4  € Θ ( )  

A function t(n) is said to be in Θ (g(n)), denoted t(n) € Θ(g(n), if t(n) is bounded both above and below 
by some positive constant multiples of g(n) for all large n, i.e., if there exist some positive constant c1 and 
c2 and some nonnegative integer n0 such that
C2g(n) ≤ t(n) ≤ cig(n) for all n ≥ n0.

4.  Explain in brief the basic asymptotic efficiency classes. 
                                                                                  Dee 08 / Jan 09        (06 Marks) 

The  efficiencies  of  a  ltge  number  of  algorithms  fall  into  the  following  few  classes:  constants, 
logarithmic,linear, n-log-n,quadratic,cubic  and exponetial
 List of the Basic Asymptotic Efficiency Classes

Class Name Comments

1 constant Short of best-case efficiencies, very few reasonable examples can 
be given since an algorithm's running time typically goes to infinity 
when its input size grows infinitely large.

log n logarithmic Typically, a result of cutting a problem's size by a constant factor 
on each iteration of the algorithm. Note that a logarithmic algorithm 
cannot take into account all its input (or even a fixed fraction of it): 
any algorithm that does so will have at least linear running time.

N linear Algorithms that scan a list of size n (e.g., sequential search) belong 
to this class.

n log n n-log-n Many  divide-and-conquer  algorithms,  including  mergesort  and 
quicksort in the average case, fall into this category.

n2 quadratic Typically,  characterizes  efficiency  of  algorithms  with  two 
embedded  loops  (see  the  next  section).  Elementary  sorting 
algorithms and certain operations on  n-by-n  matrices are standard 
examples.

n3 Cubic Typically,  characterizes  efficiency  of  algorithms  with  three 
embedded loops. Several nontrivial algorithms from linear algebra 
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fall into this class.
2n exponential Typical for algorithms that generate all subsets of an n-element set. 

Often, the term "exponential" is used in a broader sense to include 
this and faster orders of growth as well.

n! factorial Typical  for  algorithms  that  generate  all  permutations  of  an  n-
element set.

5. Define asymptotic notations for worst case, best case and average case time    
    complexities. Give examples.  June/July 08 (10 Marks) 

For some algorithms efficiency depends on form of input:

Worst case:    Cworst( n) – maximum over inputs of size n

Best case:        Cbest( n) –  minimum over inputs of size n

Average case:  Cavg( n) – “average” over inputs of size n
• Number of times the basic operation will be executed on typical  input
• NOT the average of worst and best case
• Expected number of basic operations considered as a random variable under some  

assumption about the probability distribution of all possible inputs

Worst case: Cworst( n)= O(n), occurs when the element to be searched is present 
at end or not present

Best case: Cbest( n)=        Ω(1), occurs when the element to be searched is present 

                                       at the first position.

Average case: Cavg(n)= Θ(n). occurs when the element to be searched is present 

                                       at the Random position.

6.  Prove that: If t( (n) E O(gl (n» and t2 (n) E O(g2 (n» then ti(n)+t2(n) E      O(max{gr(n),g/n)}) 
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Dec.09/Jan.l0        ( 06 Marks) 
If T1 (n) =O (f (n)) and T2 (n) =O (g (n)), then show that
T1 (n) +T2 (n) =O (max (f (n), g (n)))
Since T1 (n) =O (f (n)) and T2 (n) =O (g (n))
T1 (n) <= c1f (n) for all n>n1 and T2 (n) <= c2g (n) for all n>n2

Let c3=max (c1, c2) and consider n>max (n1, n2) so that we can use both inequalities.
T1 (n) +T2 (n) <= c1f (n) + c2g (n)

<= c3 [f (n) +g (n)]
<=c3 2*max (f (n), g(n))

Hence T1 (n) +T2 (n) =O (max (f (n), g(n)))
7. Explain the method of comparing the order of the growth of 2 functions using limits. Compare 
order of growth of log2 n and  sqrt(n)        

Dec.09/Jan.l0    (06 Marks) 

The order of growth of two functions can be compared by using limits. Three principal cases may arise.

0 implies that t(n) has a smaller order of growth than g(n)

     =  c implies that t(n) has the same order of growth as g(n)

∞ implies that t(n) has a larger order of growth than g(n)

 = =∞. Hence log2 n has a larger order of growth than sqrt(n)        

8. Discuss the general plan for analyzing efficiency of non recursive algorithms. 
                   Dec 08 / Jan 09     (05 Marks) 

General Plan for Analyzing Efficiency of Nonrecursive Algorithms:
• Decide on a parameter (or parameters) indicating an input's size. 
• Identify the algorithm's basic operation. (As a rule, it is located in its innermost loop.)
• Check whether the number of times the basic operation is executed depends only on the size of an 

input. If it also depends on some additional property, the worst-case, average-case, and, if 
necessary, best-case efficiencies have to be investigated separately.

• Set up a sum expressing the number of times the algorithm's basic operation is executed.
• Using standard formulas and rules of sum manipulation either find a closed-form formula for the 

count or, at the very least, establish its order of growth.
Ex: Element uniqueness problem: Check whether all the elements in a given array are distinct. 
ALGORITHM    Unique Elements (A[0..n - 1])
//Checks whether all the elements in a given array are distinct
//Input: An array A [0..n - 1]
//Output: Returns "true" if all the elements in A are distinct and "false" otherwise.
for i ← 0 to n — 2 do
for j ← i + 1 to n - 1 do 

if A[i] = A [j] 
return false 
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return true

                    
  = € Θ ( )
9.  Write an algorithm to compute n! recursively. Set up a recurrence relation for the   
   algorithm's basic operation count and solve it. Dec.09/Jan.l0         (08 Marks) 

Mathematical analysis for Factorial problem.
The algorithm is 
Fact (n)
If n=1 or n =0

Return n
Else return n * Fact (n-1)

M (1) = 0
The basic step is multiplication
M (n) = M (n-1) + 1

= M (n-2) + 1 + 1
 = M (n-2) + 2
= M (n-k) + k

when   k=n-1
n-k =1

M (n) = M (1) + (n-1)
= 0 + n-1

M(n)= Θ(n)

10. Consider the following algorithm
           Algorithm Enigma (A[0··n -1, 0..n-1])  

for i = 0 to n-2 do 
    for j=i+1 to n-1 do

if A[i,j]Not equal to A[j,i]
return false

    end for
end for

return true
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    end algorithm
i)  what does this algorithm compute? 
ii) What is its basic operation 
iii) How many times is the basic   
      operation executed?   
iv)  What is the efficiency class of this
      algorithm? 
v) Can this algorithm be further improved?    

June-July 2009        (10 Marks)

ii)  Basic Operation is Comparison Statement: if A[i,j]Not equal to A[j,i]
IV) Quadratic
v) yes

11.   Consider the following recursive algorithm for computing the sum of the first n 
     cubes. 

S (n) = 13 + 23 + 33 + ........+ n3 
Algorithm S (n) 

if(n = 1) return 1 
else return (S(n-1)+n*n*n)

         end algorithm
Set  up and solve  a recurrence relation for  the  number of  times  the  algorithm's basic 
operation is executed. 

June-July 2009           (04 Marks) 

Multiplication is the basic operation

S(n)=   S(n-1)+2 if N>1 and S(1)=0
S(n)=S(n-1)+2
S(n)=(S(n-2) +2)+2
S(n)=S(n-2) +2*2
S(n)=(S(n-3) +2)+2*2
S(n)=S(n-3) +3*2

....
S(n)=S(n-k) +k*2
When k=n-1
S(n)=S(1) +(n-1)*2
S(n)=0+(n-1)*2
S(n)= Θ(n)

12. Write the algorithm to compute the sum of n numbers and indicate 
    (a) natural size metric for its inputs 
    (b) its basic operation 
    (c) whether the basic operation count can be different for inputs of       the 

same size.  

Step 1 :  read n   // the number of inputs
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Step 2:   sum  0
Step 3:    for i0   to n-1
do           
                sumsum +n

             end  for
step 4:    display sum
a)Input n numbers
b)Basic operation: addition
c)No

13. Mathematically analyze the following recursive algorithms, clearly indicating 
      the steps: Solving the tower of Hanoi problem

mathematical analysis for Tower of Hanoi problem.
The algorithm is 
Tower (n, source, destination, temp)

if n = 1
Move disk n from source to destination

Tower (n-1, source, temp, destination)
Move disk n from source to destination
Tower (n-1, temp, destination, source)

The basic step is moving
M (1) = 1
M (n) = M (n-1) + 1 + M (n-1)

= 2*M (n-1) +1
= 2*[2*M (n-2) + 1] + 1 = *M (n-2) + 2 + 1

 .
.
.

= *M (n-k) + [1+2+…+ ]
= *M (n-k) + -1

Given M (1) =1
n-k = 1
k = n-1
M (n) = *M (1) + -1

= 2* -1
= -1

14 . What is brute – force method? Explain sequential search algorithm with an 

      example. Analyse its efficiency. Dec 08 / Jan 09 (10 Marks) 

A straightforward approach, usually based directly on the problem’s statement and 

definitions of the concepts involved

Examples:

1.  Computing an (a > 0, n a nonnegative integer)
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2 Computing n!

3 Multiplying two matrices

4 Searching for a key of a given value in a list

Worst case: Cworst( n)= O(n), occurs when the element to be searched is present 
at end or not present

Best case: Cbest( n)=        Ω(1), occurs when the element to be searched is present 

                                       at the first position.

Average case: Cavg(n)= Θ(n). occurs when the element to be searched is present 

                                       at the Random position.

15. Write a algorithm for selection sort method. Show that its worst case time complexity   is o 
(n2).  June/July 08  (08 Marks) 
  

16. Sort the following list using bubble sort method 66,55,44,33,22,11 in ascending 
     order. Dec 2012,  June/July 08            (06 Marks) 
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     The bubble sort algorithm is 
Bubble_Sort(a[0…n-1])
//Inputs an array of n elements
//Outputs the sorted array
for i ← 0 to n-2 do

for j ←n-2-i do
if a[j+1] < a[j]

swap a[j] and a[j+1]
The number of comparisons for a bubble sort is the same for a given n.
If C(n) is the average comparisons is 
C(n) =  

= 
=

=   € Θ ( )

      Therefore the Worst case efficiency is quadratic.

Unit 2
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1.  Explain the general concept of divide - and conquer method. Show how binary  
      search problem can be solved using the same method, find its average case
      efficiency.      Dec.09/Jan.l0, June/July 08  (10 Marks ),  Dec. 2012

The most-well known algorithm design strategy:
1.  Divide instance of problem into two or more smaller instances

1. Solve smaller instances recursively

1. Obtain solution to original (larger) instance by combining these solutions

Ex: Binary Search

Very efficient algorithm for searching in sorted array :
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                                              K
          vs

A[0]  .  .  .  A[ m]  .  .  .  A[ n-1]
If K = A[m], stop (successful search);  otherwise, continue
searching by the same method in A[0.. m-1] if K < A[m]
and in A[ m+1..n-1] if K > A[m]
l ← 0;   r ← n-1
while l ≤ r do

m ←  (l+r)/2
     if  K = A[m]  return m
     else if K < A[m]  r ← m-1
     else l ← m+1
return -1
b Time efficiency
• worst-case recurrence:  Cw (n) = 1 + Cw( n/2 ),  Cw (1) = 1 
solution: Cw(n) = log2(n+1) 

[Exercise]
This is VERY fast: e.g., C w(106) = 20
b Optimal for searching a sorted array
b Limitations: must be a sorted array (not linked list)
b Bad (degenerate) example of divide-and-conquer

2.  Define Master theorem. Compute the time complexity for the following recurrence equation   using the 
same. 

i) T (n) = 4T (nl2) + n, T(1) = 1; ii) T(n) = 4T (nl2) +n2, T(1) = 1 
iii) T (n) = 4T (nl2) +n3, T (1) = 1; iv) T (n) = 2T (nl2) + Cn, T (1) = 0 
                                                        June/July 08             ( 10 Marks) 

Consider the recurrence equation,
T(n) = aT(n/b) + f (n)

Master Theorem :   
If   f(n) ∈ Θ(nd),   d ≥ 0  then

If   a < b d   then    T(n) ∈ Θ(nd) 
If   a = b d   then    T(n) ∈ Θ( nd log n) 
If   a > b d   then    T(n) ∈ Θ(nlog b a ) 
Note: The same results hold with O and Ω instead of Θ.
i)a=4,b=2, d=1 since 4>2 a > b d T(n)=  Θ(nlog b a )= Θ(nlog b a )= Θ(n2 )= Θ(n )
ii) a=4,b=2,d=2, since 4=2 2,a = b d   then    T(n) ∈ Θ( nd log n)= Θ( n2 log n)
iii) a=4,b=2,d=3, since 4<2 3  a < b d   then    T(n) ∈ Θ(nd)= Θ(n3)
iv)a=2,b=2,d=1.  since 2=2 a = b d   then    T(n) ∈ Θ( nd log n)= Θ( n log n)

3. Write the merge sort algorithm and discuss its efficiency. Sort the list 
       E, X, A, M, P, L, E  in alphabetical order using merge sort.
   Dec 2012,  Dec 08 / Jan 09 (10 Marks)
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Merge sort
 All cases have same efficiency: Θ( n log n) 

 Number of comparisons is close to theoretical minimum for comparison-based sorting: 

 log n !   ≈    n lg n  - 1.44 n

 Space requirement: Θ( n ) (NOT in-place)

 Can be implemented without recursion (bottom-up)
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4.  Write the Quick sort algorithm. Trace the same on data set - 5,3, 1,9,8,2,4, 7. 

Dec.09/Jan.l0 , June-July 2009    (10 Marks) Dec 2012

     Select a pivot  (partitioning element) – here, the first element

      Rearrange the list so that all the elements in the first s positions are smaller than or  

equal to the pivot and all the elements in the remaining n-s positions are larger than or  

equal to the pivot 
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Exchange the pivot with the last element in the first (i.e., ≤) subarray — the pivot is now  

in its final position

Sort the two subarrays recursively

5   3   1   9   8   2   4   7,         5   3   1   4   8   2   9   7

5   3   1   4   2   8   9   7,       2   3   1   4   5   8   9   7,

Element 5 is the Pivot element

ALGORITHM   Quicksort(A[f..r]) // Sorts a subarray by quicksort

// Input: A subarray A[f..r]  of A[0..n-1],

// Output: Subarray A[f..r]  sorted in nondecreasing order

if f < r

s ← Partition (A[f ..r] )    // s is the final position of the pivot

Quicksort [f .. s-1]

Quicksort[s+1 .. r]
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Unit IV
1.  Explain Dynamic programming. June/July 2009    (04 Marks)

Dynamic Programming  is  a general algorithm design technique 
 for solving problems defined by recurrences with overlapping
 subproblems
•   Invented by American mathematician Richard Bellman in the  1950s to solve optimization  
problems and later assimilated by CS
•   “Programming” here means “planning”
•   Main idea:
- set up a recurrence relating a solution to a larger instance  to solutions of some  
smaller instances

-  solve smaller instances once
- record solutions in a table 
- extract solution to the initial instance from that table

2.  Write the formula to find the shortest path using Floyd's approach. Use Floyd's   
     method to    solve the below all-pairs shortest paths problem. 

0 ∞ 3 ∞

2 0 ∞ ∞

∞ 7 0 1

6 ∞ ∞ 0

                                                                              June/July 2009    (10 Marks) 

3. Solve the all pairs shortest path problem for the diagraph with the weight matrix.    
0 2 ∞ 1 8

6 0 3 2 ∞

∞ ∞ 0 4 8

∞ ∞ 2 0 3

3 ∞ ∞ ∞ 0

Dec.09/Jan.10           (10 Marks) 
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4. Using Floyd's algorithm, find all pair shortest path for the following graph, 
Problem:    In a weighted (di)graph, find shortest paths between
                    every pair of vertices 
Same idea: construct solution through series of matrices D(0), …,
                    D (n) using increasing subsets of the vertices allowed
                    as intermediate 

On the k-th iteration, the algorithm determines shortest paths between every pair of vertices i, j that use 
only vertices among 1,…,k as intermediate 

                D(k)[i,j] =  min {D(k-1)[i,j],  D(k-1)[i,k]  + D(k-1)[k,j]}

Time efficiency: Θ(n3)
Space efficiency: Matrices can be written over their predecessors
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5. Write Warshall's algorithm. Apply Warshall's algorithm to find the transitive closure of 
       the following Fig.                      Dec 08/Jan 09    (10 Marks),       Dec 2012

• Computes the transitive closure of a relation
•  Alternatively: existence of all nontrivial paths in a digraph
•  Example of transitive closure:

Constructs transitive closure T as the last matrix in the sequence of n-by-n matrices  R(0), … , R(k), … , 
R(n)  whereR(k)[i,j] = 1 iff there is nontrivial path from i to j  with only first k vertices allowed as 
intermediate  
Note that R(0) = A (adjacency matrix), R(n) = T  (transitive closure) 
On the k-th iteration, the algorithm determines for every pair of vertices i, j  if a path exists from i and j  
with just vertices 1,…,k allowed as intermediate
R(k-1)[i,j]                            (path using just 1 ,…,k-1)
 R(k)[i,j] =            or 
     R(k-1)[i,k]  and R(k-1)[k,j]    (path from i to k 
                                                          and from k to i
                                                          using just 1 ,…,k-1)
Recurrence relating elements R(k) to elements of R(k-1) is: 
   
R(k)[i,j] = R(k-1)[i,j] or (R(k-1)[i,k] and R(k-1)[k,j])

It implies the following rules for generating R(k) from R(k-1):
Rule 1  If an element in row i and column j is 1 in R(k-1), 
             it remains 1 in R(k) 
Rule 2  If an element in row i and column j is 0 in R(k-1), 
             it has to be changed to 1 in R(k) if and only if 
             the element in its row i and column k and the element 
             in its column j and row k are both 1’s in R(k-1) 

Time efficiency: Θ(n3)
Space efficiency: Matrices can be written over their predecessors

6. Using dynamic programming, solve the following knapsack instance:
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n=3,[w1,w2,w3]= [1, 2,2] and [p1,P2,P3] =[18, 16,6] and M=4
Dec.09/Jan.10           (4 Marks)

Given n items  of 
       integer weights:    w1    w2  …  wn
       values:                    v1     v2  …  vn
             a knapsack of integer capacity W 
find most valuable subset of the items that fit into the knapsack

Consider instance defined by first i items and capacity j (j ≤ W).
Let V[i,j] be optimal value of such instance.  Then

  max {V[i-1,j], vi + V[i-1,j- wi]}   if j- wi ≥ 0
V[i,j] =
   V[i-1,j]                                          if j- wi < 0

Initial conditions: V[0,j] = 0  and V[i,0] = 0
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Unit V
1.  Discuss about major variants of decrease - and - conquer method. Give one example for each.        

       June-July 2008      (10 Marks) 

1. Reduce problem instance to smaller instance of the same problem
2. Solve smaller instance
3. Extend solution of smaller instance to obtain solution to original instance

Can be implemented either top-down or bottom-up
also referred to as inductive  or incremental  approach

Decrease by a constant (usually by 1):
• insertion sort
• graph traversal algorithms (DFS and BFS)
• topological sorting
• algorithms for generating permutations, subsets

Decrease by a constant factor  (usually by half)
• binary search and bisection method
• exponentiation by squaring
• multiplication à la russe

Variable-size decrease
• Euclid’s algorithm
• selection by partition
• Nim-like games
•
2. Show how DFS method can be used to conduct topological sorting.     June-July 2008 (05 Marks) 

Vertices of a dag can be linearly ordered so that for every edge
its starting vertex is listed before its ending vertex ( topological   sorting ).  Being a dag is also a  
necessary condition for topological sorting be possible. 

DFS-based algorithm for topological sorting
• Perform DFS traversal, noting the order vertices are popped off the traversal stack
• Reverse order solves topological sorting problem
• Back edges encountered?→ NOT a dag!
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3.  Write depth first search algorithm.                       June-July 2009     (08 Marks) 

Visits graph’s vertices by always moving away from last
    visited vertex to unvisited one, backtracks if no adjacent
    unvisited vertex is available.
  Uses a stack

• a vertex is pushed onto the stack when it’s reached for the first time
• a vertex is popped off the stack when it becomes a dead end, i.e., when there is no adjacent 
unvisited vertex

 “Redraws” graph in tree-like fashion (with tree edges and
      back edges for undirected graph)
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4. Briefly explain how breadth first search can be used to check connectness of a graph and also to find 
the number of components in a graph.  June-July 2009 (06 Marks), Dec 2012

Visits graph vertices by moving across to all the neighbors of last visited vertex

Instead of a stack, BFS uses a queue

Similar to level-by-level tree traversal

After Executing BFS algorithm if all the vertices are visited then we say all the vertices are connected
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5. Explain the difference between DFS and BFS. Solve topological sorting problem using DFS 
algorithm, with an example.   Dec.08/Jan.09,  Dec.09/Jan.l0      (12 Marks) , Dec 2012 
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6.  Apply insertion sort to sort the list  E,X,A,M,P,L,E in alphabetical order.

for ( i = 1 ; i <=n ; i++ )
{

for ( j = 0 ; j < i ; j++ )
{

if ( arr[j] > arr[i] )
{

temp = arr[j] ;
arr[j] = arr[i] ;
for ( k = i ; k > j ; k-- )

arr[k] = arr[k - 1] ;
arr[k + 1] = temp ;

}
}

}
Here n=7.
arr = { E, X, A, M, P, L, E}
First run:
i=1
j=0
j<i
arr[0]<arr[1]
Therefore j++
j is not less than i
Therefore i++
The array now is { E, X, A, M, P, L, E}
Second run
i=2

Dept. of CSE, SJBIT, Bangalore-60. Page 24



Design and Analysis of Algorithms 10CS43

j=0
j<i
arr[2]<arr[0]
temp = arr[0]=’E’
arr[0]=arr[2]=’A’
k=i=2
k>j
arr[2] =arr[1]=’X’
k--
k>j
arr[1]=arr[0]=’E’
k—
k==j
arr[1]=temp = ‘E’
The array is { A, E , X , M, P, L, E}
Similarly in the third run array is {A, E, M, X, P, L, E}
 Fourth run: {A, E, M, P, X, L, E}
Fifth run: {A, E, L, M, P, X, E}
Sixth run: {A, E, E, L, M, P, X}
The sorted array: {A, E, E, L, M, P, X}

E X A M P L E
E | X A M P L E
E X | A M P L E
A E X | M P L E
A E M X | P L E
A E M P X | L E
A E L M P X | E

A E E L M P X
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7. Explain the horspool method for matching two strings with an example. 
June-July 2008                 (10 Marks)

8.  Write Horspool's algorithm. Apply Horspool algorithm to search for the pattern BAOBAB in the text 
BESS_ KNEW _ABOUT_BAOBABA          Dec.08/Jan.09  , Dec 2012         (10 Marks)

9. Apply Horspool's algorithm to search for the pattern BAOBAB in the   text BESS 
KNEW ABOUT BAOBABS 
     Also, find the total number of comparisons made.                June-July 2009   (04 Marks) 

A simplified version of Boyer-Moore algorithm:
• preprocesses pattern to generate a shift table that determines how much to shift the pattern 

when a mismatch occurs 
• always makes a shift based on the text’s character c aligned with the last character in the 

pattern according to the shift table’s entry for c
Look at first (rightmost) character in text that was compared: 
CASE 1: The character is not in the pattern
    .....c...................... (c not in pattern)
     BAOBAB
Then it is safe to shift the pattern by its entire length
     .....c...................... (c not in pattern)
     BAOBAB
         BAOBAB
CASE 2: The character is in the pattern (but not the rightmost)
    .....O...................... (O occurs once in pattern)
  BAOBAB
    .....A...................... (A occurs twice in pattern)
    BAOBAB
Then it is safe to shift the pattern so that the rightmost occurrence of the character in the pattern is 
aligned with the character in the text.
    .....O...................... (O occurs once in pattern)
  BAOBAB
       BAOBAB
    .....A...................... (A occurs twice in pattern)
    BAOBAB
     BAOBAB

CASE 3: The rightmost characters do match but the last character in the pattern does not 
occur among the other m-1 characters.

    ...CER......................                    
    LEADER 
    Shift is similar to CASE 1
    ...CER......................                    
    LEADER 
          LEADER
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CASE 4: The rightmost characters do match but there are other occurrences among the other 
m-1 characters.

    .....OR......................                    
    REORDER 
    Shift is similar to CASE 2
    .....OR......................                    
    REORDER 
       REORDER
Shift sizes can be precomputed by the formula

distance from c’s rightmost occurrence in pattern
            among its first m-1 characters to its right end
     t(c) =            pattern’s length m, otherwise
     by scanning pattern before search begins and stored in a
table called shift table
Shift table is indexed by text and pattern alphabet 
Eg, for BAOBAB:

BARD LOVED BANANAS
BAOBAB
      BAOBAB
        BAOBAB

    BAOBAB (unsuccessful search)
Worst-case efficiency of Horspool’s algorithm is Θ(nm).

- refer problem 4 in the exercises
For random texts, the efficiency is Θ(n).  The algorithm is faster on average than the brute-force 
algorithm.

Dept. of CSE, SJBIT, Bangalore-60. Page 27

A B C D E F G H I J K L M N O P Q R S T U V W X Y 
Z

1 2 6 6 6 6 6 6 6 6 6 6 6 6 3 6 6 6 6 6 6 6 6 6 6 
6

A B C D E F G H I J K L M N O P Q R S T U V W X Y Z

1 2 6 6 6 6 6 6 6 6 6 6 6 6 3 6 6 6 6 6 6 6 6 6 6 6

_

6



Design and Analysis of Algorithms 10CS43

Unit III
1.Solve the following instances of the single source shortest path problem with vertex 'a' as     the 
source. Dec.09/Jan.10          (06 Marks) 

2. write Dijikstra’s algorithm and apply the same to find  single source shortest paths problem     for the 
following graph taking vertex 'a' as source 
                               Dec.08/Jan.09           (10 Marks),  Dec 2012

Single Source Shortest Paths Problem: Given 
a weighted connected graph G, find shortest 

paths from source vertex s to each of the other vertices

Dijkstra’s algorithm: Similar to Prim’s MST algorithm, with  a different way of computing numerical 
labels: Among vertices not already in the tree, it finds vertex u with the smallest sum 

                                        dv +  w(v,u)

where  v  is a vertex for which shortest path has been already found  on preceding iterations (such 
vertices form a tree)

 dv is the length of the shortest path form source to v  w(v,u) is the length (weight) of edge from v 
to u

Doesn’t work for graphs with  negative weights

Applicable to both undirected and directed graphs

Efficiency

• O(|V|2) for graphs represented by weight matrix and array implementation of priority 
queue

• O(|E|log|V|) for graphs represented by adj. lists and min-heap implementation of priority 
queue

Dept. of CSE, SJBIT, Bangalore-60. Page 28



Design and Analysis of Algorithms 10CS43

3. Use Kruskal's method to find min cost spanning tree for the below graph

                                                                              June/July 2009    (06 Marks) 

4. Write the Kruskal's algorithm to find the minimum cost spanning tree. 
algorithm for the graph of figure 
                                            Dec 2012, Dec.09/Jan.10           (10 Marks)

Sort the edges in nondecreasing order of lengths
“Grow” tree one edge at a time to produce MST through a series of expanding  
forests F1, F2, …, F n-1
On each iteration, add the next edge on the sorted list unless this would create a  
cycle.  (If it would, skip the edge.)

Algorithm looks easier than Prim’s but is harder to implement (checking for cycles!)
Cycle checking: a cycle is created iff added edge connects vertices in the same  
connected component

5. Find minimum spanning tree using prims methods for the following graph, shown in the 
     following fig.     June/July 2008       (08 Marks) 

Start with tree T1 consisting of one (any) vertex and “grow” tree one vertex at a time to produce MST 
through a series of expanding subtrees T1, T2, …, Tn

On each iteration, construct Ti+1 from Ti  by adding vertex not in Ti  that is closest to those already 
in Ti (this is a “greedy” step!)

Stop when all vertices are included

Proof by induction that this construction actually yields MST 

Needs priority queue for locating closest fringe vertex
Efficiency

• O(n2) for weight matrix representation of graph and array implementation of priority 
queue 

• O(m log n) for adjacency list representation of graph with n vertices and m edges and 
min-heap implementation of priority queue
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Unit 6 
1. What are decision trees? Explain with example, how decision trees are used in sorting 

algorithms. (10 Marks) Dce 2012

Decision         tree   — a convenient model of algorithms involving Comparisons in which: (i) 
internal nodes represent comparisons (ii) leaves represent outcomes 
Decision tree for 3-element insertion sort 

Deriving a Lower Bound from Decision Trees 
• How does such a tree help us find lower bounds? 

– There must be at least one leaf for each correct output. 
– The tree must be tall enough to have that many leaves. 

• In a binary tree with l leaves and height h, 
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h ≥ log2 l 
Decision Tree and Sorting Algorithms 

Decision Tree and Sorting Algorithms 
• Number of leaves (outcomes) ≥ n! 
• Height of binary tree with n! leaves ≥ log2n! 
• Minimum number of comparisons in the worst case ≥ log2n! for any comparison-based 

sorting algorithm 
• log2n! ≈ n log2n 
• This lower bound is tight (e.g. mergesort) 

Decision Tree and Searching a Sorted Array 
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Decision Tree and Searching a Sorted Array • Number of leaves (outcomes) = n + n+1 = 
2n+1 
• Height of ternary tree with 2n+1 leaves ≥ log3 (2n+1) 

• This lower bound is NOT tight (the number of worst-case comparisons for binary 
search 

is log2 (n+1), and log3 (2n+1) ≤ log2 (n+1)) 
• Can we find a better lower bound or find an algorithm with better efficiency than binary 

search? 

Decision Tree and Searching a Sorted Array 

Decision Tree and Searching a Sorted Array 
• Consider using a binary tree where internal nodes also serve as successful searches and 

leaves only represent unsuccessful searches 
• Number of leaves (outcomes) = n + 1 
• Height of binary tree with n+1 leaves ≥ log2 (n+1) 
• This lower bound is tight 
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2. Explain the concepts of P, NP, and NP – complete problems. Dec 2012.

             What problems are in NP? 
• Hamiltonian circuit existence 
• Partition problem: Is it possible to partition a set of n integers into two disjoint subsets 

with the same sum? 
• Decision versions of TSP, knapsack problem, graph coloring, and many other 

combinatorial optimization problems. (Few exceptions include: MST, shortest paths) 
• All the problems in P can also be solved in this manner (but no guessing is necessary), so 

we have: 
P ⊆ NP 

• Big question: P = NP ? 

P = NP ? 
• One of the most important unsolved problems is computer science is whether or not 

P=NP. 
– If P=NP, then a ridiculous number of problems currently believed to be very 

difficult will turn out have efficient algorithms. 
– If P≠NP, then those problems definitely do not have polynomial time solutions. 

• Most computer scientists suspect that P ≠ NP. These suspicions are based partly on the 
idea of NP-completeness. 

NP-Complete Problems 
A decision problem D is N  P      -complete   if it’s as hard as any problem in NP, i.e., 

• D is in NP 
• every problem in NP is polynomial-time reducible to D 

NP  problems

NP -complete
problem

Other NP-complete problems obtained through polynomial- 
time reductions from a known NP-complete problem 
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3. Define the following: i) Tractable Problems, ii) Class p, iii) Class NP,  iv) Polynomial Reduction, v) 
NP Complete   June 2012, 05 marks
    Problem Types: Optimization and Decision 

• Optimization         prob  l      em  : find a solution that maximizes or minimizes some objective 
function 

• D  e  cision probl  e  m  : answer yes/no to a question 
Many problems have decision and optimization versions. 
E.g.: traveling salesman problem 

• optimization: find Hamiltonian cycle of minimum length 
• decision: find Hamiltonian cycle of length ≤ m 
Decision problems are more convenient for formal investigation of their complexity. 

Class P 
P: the class of decision problems that are solvable in O(p(n)) time, where p(n) is a polynomial of 
problem’s input size n 
Examples: 

• searching 
• element uniqueness 
• graph connectivity 
• graph acyclicity 
• primality testing (finally proved in 2002) 

Class NP 
NP (nondeterministic         p  o      lynomial  ): class of decision problems whose proposed solutions can be 
verified in polynomial time = solvable by a nondeterministic polynomial algorithm 
A nondeterministic polynomial algori  th      m   is an abstract two-stage procedure that: 

• generates a random string purported to solve the problem 
• checks whether this solution is correct in polynomial time 

By definition, it solves the problem if it’s capable of generating and verifying a solution on one 
of its tries 
Why this definition? 

• led to development of the rich theory called “computational complexity” 

Example: CNF satisfiability 
Problem: Is a boolean expression in its conjunctive normal form (CNF) satisfiable, i.e., are there 
values of its variables that makes it true? 
This problem is in NP. Nondeterministic algorithm: 

• Guess truth assignment 
• Substitute the values into the CNF formula to see if it evaluates to true 

Example: (A | ¬B | ¬C) & (A | B) & (¬B | ¬D | E) & (¬D | ¬E) 
Truth assignments: 
A   B   C D E   
0 0 0 0 0 
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. . . 
1 1 1 1 1 

Checking phase: O(n)

4. State subset sum Problem. Use backtracking, obtain a solution to the subset sum problem by taking 
S={6, 8, 2, 14} and d=16. June 2012, 07 marks
                
Backtracking 

• Suppose you have to make a series of decisions, among various choices, where 
– You don’t have enough information to know what to choose 
– Each decision leads to a new set of choices 
– Some sequence of choices (possibly more than one) may be a solution to your 

problem 
• Backtracking is a methodical way of trying out various sequences of decisions, until you 

find one that “works” 

Backtracking : A Scenario 

A tree is composed of nodes 
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5. Explain approximation algorithms for NP-hard problems in general. Also discuss approximation 
algorithms for knapsack problem. June 2012, 08 marks
               If the answer is YES with a proof (i.e. an assignment of input value), then we 
can check the 
proof in polynomial time (SAT is in NP) 
- We may not be able to check the NO answer in polynomial time (Nobody really knows.) 

• NP-hard 
- A problem is NP-hard iff an polynomial-time algorithm for it implies a polynomial-
time algorithm for every problem in NP 
- NP-hard problems are at least as hard as NP problems 

• NP-complete 
- A problem is NP-complete if it is NP-hard, and is an element of NP (NP-easy) 

• Relationship between decision problems and optimization problems - every optimization 
problem has a corresponding decision problem 

- optimization: minimize x, subject to constraints 
- yes/no: is there a solution, such that x is less than c? 
- an optimization problem is NP-hard (NP-complete) 
if its corresponding decision problem is NP-hard (NP-complete) 
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Unit 7
1. What is prefix computation problem? Give algorithm for prefix computation which uses i) n 
processors ii) n/logn processors. Obtain the time complexities of these algorithms. June 2012, 10 marks

2. For an nxn matrix M with nonnegative integer coefficients, define M’ and give an algorithm for 
computing M’. prove that M’ can be computed from nxn matrix M in O(logn) time using n3+e common 
CRCW PRAM processors for any fixed e>0. June 2012, 10 marks

3. Draw the state – space tree to generate solutions to 4 – Queen’s problem. Dec 2012 (04 Marks)
4. Apply backtracking method to solve subset sum problem for the instance n = 6, d = 30. S = {5, 10, 

12, 13, 15, 18} Dec 2012   (06 Marks)
             Backtracking solution to Sum of Subsets 

• Definition: We call a node nonpromising if it cannot lead to a feasible (or optimal) 
solution, otherwise it is promising 

• Main idea: Backtracking consists of doing a DFS of the state space tree, checking 
whether each node is promising and if the node is nonpromising backtracking to the 
node’s parent 

• The state space tree consisting of expanded nodes only is called the pruned state space 
tree 

• The following slide shows the pruned state space tree for the sum of subsets example 
• There are only 15 nodes in the pruned state space tree 
• The full state space tree has 31 nodes 
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Backtracking algorithm 
void checknode (node v) {
node u 

if (promising ( v )) 
if (aSolutionAt( v )) 

write the solution 
else //expand the node 

for ( each child u of v ) 
checknode ( u ) 

Checknode 
• Checknode uses the functions: 

– promising(v) which checks that the partial solution represented by v can lead to 
the required solution 

– aSolutionAt(v) which checks whether the partial solution represented by node v 
solves the problem. 

Sum of subsets – when is a node “promising”? 
• Consider a node at depth i 
• weightSoFar = weight of node, i.e., sum of numbers included in partial solution node 

represents 
• totalPossibleLeft = weight of the remaining items i+1 to n (for a node at depth i) 
• A node at depth i is non-promising 

if (weightSoFar + totalPossibleLeft < S ) 
or (weightSoFar + w[i+1] > S ) 

• To be able to use this “promising function” the wi must be sorted in non-decreasing order 
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5. What is branch – and - bound algorithm? How it is different from backtracking? Dec 2012 (05 Marks)

Branch and Bound Searching Strategies 

Feasible Solution vs. Optimal Solution 
• DFS, BFS, hill climbing and best-first search can be used to solve some searching 

problem for searching a feasible solution. 
• However, they cannot be used to solve the optimization problems for searching an (the)  optimal solution. 

The Branch-and-bound strategy 
• This strategy can be used to solve optimization problems without an exhaustive search in 

the average case. 
• 2 mechanisms: 

– A mechanism to generate branches when searching the solution space 
– A mechanism to generate a bound so that many braches can be terminated 

• It is efficient in the average case because many branches can be terminated very early. 

• Although it is usually very efficient, a very large tree may be generated in the worst case. 

• Many NP-hard problem can be solved by B&B efficiently in the average case; however, 

the worst case time complexity is still exponential. 

Bounding 
• A bound on a node is a guarantee that any solution obtained from expanding the node 

will be: 
– Greater than some number (lower bound) 
– Or less than some number (upper bound) 

• If we are looking for a minimal optimal, as we are in weighted graph coloring, then we 
need a lower bound 

– For example, if the best solution we have found so far has a cost of 12 and the 
lower bound on a node is 15 then there is no point in expanding the node 

• The node cannot lead to anything better than a 15 
• We can compute a lower bound for weighted graph color in the following way: 

– The actual cost of getting to the node 
– Plus a bound on the future cost 

• Min weight color * number of nodes still to color 
– That is, the future cost cannot be any better than this 

• Recall that we could either perform a depth-first or a breadth-first search 
– Without bounding, it didn’t matter which one we used because we had to expand 

the entire tree to find the optimal solution 
– Does it matter with bounding? 

• Hint: think about when you can prune via bounding 
• We prune (via bounding) when: 

(currentBestSolutionCost <= nodeBound) 
• This tells us that we get more pruning if: 

– The currentBestSolution is low 
– And the nodeBound is high 
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• So we want to find a low solution quickly and we want the highest possible lower bound 
– One has to factor in the extra computation cost of computing higher lower bounds 

vs. the expected pruning savings 

6. Write the steps and apply nearest neighbour approximation algorithm on the TSP problemwith the 
starting vertex a, and calculate the accuracy ratio of approximation.  Dec 2012  05 marks

Unit 8
1. What are the different computation models? Discuss in detail. Dec 2012 (10 Marks)
     Let the input to the prefix computation problem be 5, 12, 8, 6, 3, 9, 11, 12, 5, 6, 7, 10, 4, 3, 5 
      and let  stand for addition. 
2. Solve the problem using work optimal algorithm.Dec 2012(10 Marks)

3. Write short notes on: a) Travelling Sales person Problem b) Input Enhancement in String Matching 
c) Decision Tree. d) Challenges of numerical algorithms. June 2012.
   Traveling Salesperson Problem 

• This is a classic CS problem 
• Given a graph (cities), and weights on the edges (distances) find a minimum weight tour 

of the cities 
– Start in a particular city 
– Visit all other cities (exactly once each) 
– Return to the starting city 

• Cannot be done by brute-force as this is worst-case exponential or worse running time 
– So we will look to backtracking with pruning to make it run in a reasonable 

amount of time in most cases 
• We will build our state space by: 

– Having our children be all the potential cities we can go to next 
– Having the depth of the tree be equal to the number of cities in the graph 

• we need to visit each city exactly once 
• So given a fully connected set of 5 nodes we have the following state space 

– only partially completed 
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 Now we need to add bounding to this problem 
– It is a minimization problem so we need to find a lower bound 

• We can use: 
– The current cost of getting to the node plus 
– An underestimate of the future cost of going through the rest of the cities 

• The obvious choice is to find the minimum weight edge in the graph and 
multiply that edge weight by the number of remaining nodes to travel 
through 

• As an example assume we have the given adjacency matrix 
• If we started at node A and have just traveled to node B then we need to compute the 

bound for node B 
– Cost 14 to get from A to B 
– Minimum weight in matrix is 2 times 4 more legs to go to get back to node A = 8 
– For a grand total of 14 + 8 = 22 

0 14 4 10 20 

14 0 7 8 7 

4 5 0 7 16 
11 7 9 0 2 
18 7 17 4 0 

• Recall that if we can make the lower bound higher then we will get more pruning 
• Note that in order to complete the tour we need to leave node B, C, D, and E 

– The min edge we can take leaving B is min(14, 7, 8, 7) = 7 
– Similarly, C=4, D=2, E=4 

• This implies that at best the future underestimate can be 7+4+2+4=17 
• 17 + current cost of 14 = 31 

– This is much higher than 8 + 14 = 22 
0 14 4 10 20 

14 0 7 8 7 

4 5 0 7 16 
11 7 9 0 2 
18 7 17 4 0 
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Example: Traveling Salesman Problem 
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